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Gauss Integration
In FEM numerical integrationisneeded Althoughthere

aremany numerical integration techniques Gaussquadrature
whichis described in thissection is oneofthemostefficient
techniques for functionsthatarepolynomials or nearlypolynomials
In FEM theintegrals involvespolynomials soGaiusquadratureis
a naturalchoice
Consider the following integral I Jaffa doc a

7 a1
t O t a b

Mapping ofthe lDdomainfrom theparentdomainEl I
to the physical domainta b

x at b 12 b a ca

Theabovemap can also bewritten directly in termsof
the linear shape functions

x X NEE t z NDE a 121 b II
a dx Iz b a des Izd Ides

Jacobian
in I JIHE d JI i I I f Edes
In theGauss integration procedure we approximatethe

integral by
points
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Gauss Integration
Thebasic idea oftheGaussintegrationquadratureis to
choose theweights and integrationpoints so thatthe
highest possible polynomial is integrated exactly
TB is approximatedby a polynomialas i

m m
f E L t L E t L Et Hm LIKE gPl n

m order or Next we express thevaluesofthecoefficients
Tinnin g in termsof thefunction f E at theintegrationpoints
n thenumber m m
ofGampont HE L LE GETtootame E

iii iiit.it itm m
tLmn En mn

M K

3C4 I WTM L
Gauss quadrature provides theweights integrationpoints

thatyield an exactintegral of a polynomialof a givenorder
Todetectwhatthe weights and quadrature pointsshould
be we integratethepolynomial fCE
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m n
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Solve thisequation for ni g
EnEi En

nGaussPoint 2nunknowns CmtuationsMYhighestorderofffunction
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Gauss Integration
N Gauss Points can estimate mtholderfunctics
with 1 condition

In a m t I
n met

2
Example me 3 n 2 This means 2Gausspoints
can estimate exactly a function of order3rd OfCouse
thisalso mean that 2 Gauss points can estimate a function
oforder less than3

m 4 me2,5 2.5Gauss Point canexhmat
exactly 407dmfunction But thenumberof Gausspoint
should be integer n 3
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intequation
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2ndequation
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Gauss Integration
1 Gauss Point 2equations

Itdoes W w 2

15dB a w E 3 0

2Gauss Points 4 equations

I l d W t wz w twz 2 G

Edes w E twig ME wise O 2

15dg a w.esewisiswi5,4nsE 2BG
153dB w t yes w.es twzEi O Cal

1 4 8,2 3 E pluginto2
w wz O
w s wz l

3 5,2 113 5 HB 5,2 11B

3Gauss points
3 Symmetric properties

82 0
W O wz 9
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iv tWz 0twz O s w Wgtimes
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Gauss Integration
Example Evaluate I IGE E da

Ingp I 3 Mgp 2 w wz I
E Irs Eaa

o K atb I b a 3.5 1.55

f B 3.5 158 t 3.5 1.58

I JI I 3.5 1.5573 3.5 1.55 Td

lzµ 3.51153,331 3.5 1551 1We 3.51.57 3.5158,5

191.25
In thisease asGauss integration isexact we can

check theresultby performing analyticalintegrator5

Ica'tx4dx 43 51 25 191,29
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ZD integration on the domain Et l T x E1,13

I I HE n desdu I ft's2desdz
ftp.HEi.nddr

ngng
E E winkflees inkK 1 it n

gaufsweight
glauss

point
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A Jacobian is required for integrals in more thanone
variables Suppose that

x fees y gEsn
Let's see what happens to a smallinfimisimalbox

in the newplane
r sincethesidelengths areinfinisomalA

man c eachside ofthebox in theWv
IRB.nl planeis transformed into a

B straight line in thexy plane
Theresultis that thebox in thei l

E Uvplane is transformedinto a
Es Etdes parallelogram into the xyplane

Suppose
1 The point Gn is transformedinto thepoint

Cx fEsn y gCEn2 ThepointBCE des n is transformed into thepoint
Taylorseries I

HE1dg n flagn t fgks.nldes
gCEtdes n gtg.nl t gEs.nldises

y
3 ThepointDC qtdq is transformed into iat32

f E nIdn K t fats2 du
gles nidn y guts dr

ATE Hgdes g d5 ATE Hadengadd

Thearea ofR in the x y plane is ATBx ATB
AreaofRbcy Ifg frg1dgdzYi c Fatah
Thequantityduduis theareaof

Jaffa ftp.ytggdesl thebox Reg
yguard A'Gay

AreaofRbc.y J AreaofREED
0 a
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36cgy R
46g yf

thiefIXya T

Therelationshipbetween convexquadrilateral in thephysical
coordinate Oxy and thestandard domain Ei 13 xEt13 inthe
naturalcoordinateCOED is givenby
x Nl n x t NDEn Ka t NIENaz1 NaE2 ka
y NilesNy t NDEDYz t Ngles2 y t Nats2ya

in which xinyi i 1,23,4 are thecoordinatesof 4nodes in
physical coordinatesystem Oxy
Ni i t 2 3,4 are shapefunctions ofthequadrilateral

in thephysical coordinate Oxy
Nse t E t N i Ng I 1 3 Atr
Na L It 13 l z Na L H 3 Gtz

Now I Ifflay dady II fl n detJDE.dzr
say

In which detJ is the determinantof Jacobian matrix
whichrelate theconvex quadrilateralray in thephysicalcoordinate systemOxy withthestandarddomain El Mx
El 17 in thenatural coordinatesystem 08n

si i nI



NotebookTopic:





11/5/2018 YNU-FEM_GaussIntegration

https://juliabox.com/notebook/notebooks/FEM/YNU-FEM_GaussIntegration.ipynb 1/10

Notice that, the code here is based on Julia 1.0.0

In [1]:

 Updating registry at `/home/jrun/.julia/registries/JuliaPro` 
 Updating git-repo `https://pkg.juliacomputing.com/registry/JuliaPro` 
Resolving package versions... 
 Updating `~/.julia/Project.toml` 
[no changes] 
 Updating `~/.julia/Manifest.toml` 
[no changes] 

using Pkg;
Pkg.add("SymPy");
using SymPy;
using LinearAlgebra;



11/5/2018 YNU-FEM_GaussIntegration

https://juliabox.com/notebook/notebooks/FEM/YNU-FEM_GaussIntegration.ipynb 2/10

In [2]:

#------------------------------------------------------------------------------
function gauss_integration(nGauss, dim)
#------------------------------------------------------------------------------
# PURPOSE:
#     Determine Gauss point's coordinate and the corresponding Gauss weight
# SYNTAX:
#     gauss_integration(nGauss, rGauss, dim)
# INPUT:
#     nGauss: the number of Gauss point
#     dim   : dimension of the problem (dim = 1 or dim = 2 or dim = 3)
# OUPUT:
#      gausspoint_coordinate: The Gauss point's coordinate
#      gausspoint_weight: The Gauss point's weight
#------------------------------------------------------------------------------

# Initiate gausspoint_coordinate and gausspoint_weight
   gausspoint_coordinate = zeros(nGauss^dim, dim)
   gausspoint_weight = Float64[];

#******** the integration domain is [-1 1] for all of direction:***************

    #------------- Limit the number of Gauss point up to 5 --------------------
    if (nGauss > 5)
        println("The number of Gauss point shouldn't be more than 5")
    end

    #------------- The number of Gauss point in one direction -----------------
    if nGauss == 1
        point = 0.0 
        weight = 2.0
        j
    elseif nGauss == 2
        point = [-0.577350269189626
                  0.577350269189626]
        weight = [1.0 1.0]

    elseif nGauss == 3
        point = [ 0
                 -0.774596669241483
                  0.774596669241483];
                
        weight = [8/9
                  5/9
                  5/9];

    elseif nGauss == 4
        point = [-0.3399810435848563
                  0.3399810435848563
                 -0.8611363115940526
                  0.8611363115940526];
               
        weight = [0.6521451548625461
                 0.6521451548625461
                 0.3478548451374538
                 0.3478548451374538];
    elseif nGauss == 5
        point = [ 0
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Out[2]:

gauss_integration (generic function with 1 method)

                -0.5384693101056831
                 0.5384693101056831
                -0.9061798459386640
                 0.9061798459386640];
                
        weight = [0.5688888888888889
                 0.4786286704993665
                 0.4786286704993665
                 0.2369268850561891
                 0.2369268850561891];

    end 
    #-----------------------------DIMENSION -----------------------------------
    # One dimension problem
    if dim == 1
        for i = 1:nGauss
            gausspoint_coordinate[i,:] = [point[i]]
            push!(gausspoint_weight, weight[i])
        end
        return gausspoint_coordinate, gausspoint_weight

    # Two dimension problem
    elseif dim == 2
        n = 0
        for i = 1:nGauss
            for j = 1:nGauss
                n = n + 1
                gausspoint_coordinate[n,:] = [point[i] point[j]]
                push!(gausspoint_weight, weight[i] * weight[j])
            end
        end
        return gausspoint_coordinate, gausspoint_weight
        
    # Three dimension problem
    elseif dim == 3
        n = 0
        for i = 1:nGauss
            for j =  1:nGauss
                for k = 1:nGauss
                    n = n + 1
                    gausspoint_coordinate[n,:] = [point[i] point[j] point[k]]
                    push!(gausspoint_weight, weight[i] * weight[j] * weight[k])
                end
            end
        end
        return gausspoint_coordinate, gausspoint_weight
    end
end
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In [3]:

I = -492.93333333333237 
I_analytical = -492.933333333333 

Out[3]:

#= 
Example1: Calculate the integration of 
f(x) =  0.2 + 25x - 200x^2 + 675x^3 - 900x^4 + 400x^5
here x = [-1, 1]
=#

nGauss =  3
dim = 1

gauss_point, gauss_weight = gauss_integration(nGauss, dim)

f(x) =  0.2 + 25x - 200x^2 + 675x^3 - 900x^4 + 400x^5

I = 0

# loop over all of gauss points
for i = 1:length(gauss_point)
    I = I + f(gauss_point[i]) * gauss_weight[i]
end 

@show I

# Analytical solution
x = Sym("x")
I_analytical = integrate( 0.2 + 25x - 200x^2 + 675x^3 - 900x^4 + 400x^5, (x, -1, 1))
@show I_analytical
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In [4]:

I = 723.7333333333321 
I_analytical = 723.733333333334 

Out[4]:

#= 
Example 2: Calculate the integration of 
f(x) =  0.2 + 25x - 200x^2 + 675x^3 - 900x^4 + 400x^5
where x = [0, 2]
=#

nGauss =  3
dim = 1

# function f
f1(x) =  0.2 + 25x - 200x^2 + 675x^3 - 900x^4 + 400x^5

a = 0 # lower bound of the limit
b = 2 # upper bound of the limit
J = (b-a)/2 # Jacobian value

I = 0 
gauss_point, gauss_weight = gauss_integration(nGauss, dim)

for i = 1:length(gauss_point) # loop over Gauss points
    x = (a+b)/2 + (b-a)/2* gauss_point[i]
    I = I + J * f1(x) * gauss_weight[i]
end 
@show I

# ANALYTICAL SOLUTION
x = Sym("x")
I_analytical = integrate(0.2 + 25x - 200x^2 + 675x^3 - 900x^4 + 400x^5,(x,0,2))
@show I_analytical
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In [9]:

The number of Gauss Points is equal to the necessary one 
I = 723.7333333333321 
The number of Gauss Points is higher than the necessary one 

#= 
Example 2: Calculate the integration of 
f(x) =  0.2 + 25x - 200x^2 + 675x^3 - 900x^4 + 400x^5
where x = [0, 2]
=#

# function f
f1(x) =  0.2 + 25x - 200x^2 + 675x^3 - 900x^4 + 400x^5

a = 0 # lower bound of the limit
b = 2 # upper bound of the limit
J = (b-a)/2 # Jacobian value

println("The number of Gauss Points is equal to the necessary one")
# CHECK WITH THE LOWER NUMBER OF GAUSS POINT
I = 0 
nGauss =  3
dim = 1
gauss_point, gauss_weight = gauss_integration(nGauss, dim)

for i = 1:length(gauss_point) # loop over Gauss points
    x = (a+b)/2 + (b-a)/2* gauss_point[i]
    I = I + J * f1(x) * gauss_weight[i]
end 
@show I

println("The number of Gauss Points is higher than the necessary one")
# CHECK WITH THE HIGHER NUMBER OF GAUSS POINT
I = 0 
nGauss =  4
dim = 1
gauss_point, gauss_weight = gauss_integration(nGauss, dim)

for i = 1:length(gauss_point) # loop over Gauss points
    x = (a+b)/2 + (b-a)/2* gauss_point[i]
    I = I + J * f1(x) * gauss_weight[i]
end 
@show I

println("The number of Gauss Points is less than the necessary one")
# CHECK WITH THE LOWER NUMBER OF GAUSS POINT
I = 0 
nGauss =  2
dim = 1
gauss_point, gauss_weight = gauss_integration(nGauss, dim)

for i = 1:length(gauss_point) # loop over Gauss points
    x = (a+b)/2 + (b-a)/2* gauss_point[i]
    I = I + J * f1(x) * gauss_weight[i]
end 
@show I
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In [6]:

I = 723.7333333333331 
The number of Gauss Points is less than the necessary one 
I = 528.1777777777781 

Out[9]:

528.1777777777781

I = -985.8666666666667 
I_analytical = -985.866666666667 

Out[6]:

#=
Example 3: Calculate the integration of 
f(x, y) =  0.2 + 25x - 200y^2 + 675x^3 - 900y^4 + 400x^5
where x = [-1, 1], y =[-1, 1]
=#

nGauss = 5
dim = 2

# function f
f4(x,y) =  0.2 + 25x - 200y^2 + 657x^3 - 900y^4 + 400x^5

I = 0 
gauss_point, gauss_weight = gauss_integration(nGauss, dim)

for i = 1:length(gauss_weight) # loop over Gauss points
    I = I +  f4(gauss_point[i,1], gauss_point[i,2]) * gauss_weight[i]
end 

@show I

#Analytical

x = Sym("x")
y = Sym("y")
I_analytical = integrate(0.2 + 25x - 200y^2 + 657x^3 - 900y^4 + 400x^5, (x,-1,1), (y
@show I_analytical
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In [7]:

I = 0.666666666666667 
I_analytical = integrate(detJ, (ξ, -1, 1), (η, -1, 1)) = 0.666666666666
667 

Out[7]:

#=
Example 4: Reference: https://ctec.tvu.edu.vn/ttkhai/TCC/21_Tich_phan_hai_lop.htm
Calculate integration of F = ∫∫dxdy, with the domain is limited by:
   x + y = 1
   x + y = 2
   2x - y = 1
   2x - y = 3
=#

ξ = Sym("xi")
η = Sym("eta")

N1 = 1/4*(1-ξ)*(1-η)
N2 = 1/4*(1+ξ)*(1-η)
N3 = 1/4*(1+ξ)*(1+η)
N4 = 1/4*(1-ξ)*(1+η)

X =[4/3, 5/3, 1, 2/3]
Y =[-1/3, 1/3, 1, 1/3]

x = [N1 N2 N3 N4]*X
y = [N1 N2 N3 N4]*Y

J =[diff(x,ξ) diff(y,ξ);diff(x,η) diff(y,η)]

detJ = det(J)

gauss_point, gauss_weight = gauss_integration(3,2)

I = 0  

for i = 1:length(gauss_weight)
    I += 1 * detJ(gauss_point[i,1], gauss_point[i,2]) * gauss_weight[i]
end
@show I
    
# ANALYTICAL SOLUTION
@show I_analytical = integrate(detJ,(ξ,-1,1),(η,-1,1))
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In [8]:

# Plot the domain of integartion in exercise 4
using PyPlot
@show x = collect(range(0, stop = 3, length = 4))
@show y1 = [1-i for i in x]
y2 = [2-i for i in x]
y3 = [2i - 1 for i in x]
y4 = [2i - 3 for i in x]
#using PyPlot
plot(x,y1 , label = "y=1-x")
plot(x,y2 , label = "y=2-x")
plot(x,y3 , label = "y=2x-1")
plot(x,y4 , label = "y=2x-3")

plot([1],[1],"o")
text(0.9,1.3, "(1,1)")

plot([4/3],[-1/3],"o")
text(4/3+0.1,-1/3,"(4/3,-1/3)")

plot([5/3],[1/3],"o")
text(5/3+0.1,1/3,"(5/3,1/3)")

plot([2/3],[1/3],"o")
text(2/3+0.1,1/3,"(2/3,1/3)")
xlabel("x")
ylabel("y")

tick_params(which = "both", direction = "in", color = "black")
tick_params(which="major", length=7)
tick_params(which="minor", length=3)
grid(linestyle = "--", linewidth = 0.8, color = "grey")
grid("on")
minorticks_on()
xlim(0,3)
ylim(-2,2)
legend()
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In [ ]:

x = collect(range(0, stop=3, length=4)) = [0.0, 1.0, 2.0, 3.0] 
y1 = [1 - i for i = x] = [1.0, 0.0, -1.0, -2.0] 

/usr/local/lib/python2.7/dist-packages/matplotlib/cbook/deprecation.p
y:107: MatplotlibDeprecationWarning: Passing one of 'on', 'true', 'of
f', 'false' as a boolean is deprecated; use an actual boolean (True/Fa
lse) instead. 
 warnings.warn(message, mplDeprecation, stacklevel=1) 

Out[8]:

PyObject <matplotlib.legend.Legend object at 0x7f282b4d1490>


